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A study has been made of the X-ray scattering at small angles from solutions of bovine serum albumin, human mercap-

talbumin and mercaptalbumin-mercury dimer.

determination of shape and hydration. Radii of gyration of 29.8 A. for BSA, 31.0

The data furnish the radius of gyration of each molecule and assist in the

A. for HMA, and 37.2 A. for the HMA

dimer are obtained. Assuming an ellipsoid of revolution as a model an axial ratio of (3.5)7! oblate is found to be in best

agreement with the extended scattering curve.

0.37 and an external hydration of 0.11 g. of water per g. of protein.
Models reasonably consistent with both the small-angle scattering

with the single-crystal work on human serum albumii.

and single-crystal work are a modified right prism having dimensions of 106 X 21.5 X 50
rectangular parallelepiped having dimensions of 82.5 X 27.5 X 63
It is noted that there is considerable similarity among the ellipsoid, prism and
A careful discussion of instrumental corrections to the data and of interparticle interference effects

size and shape cannot be chosen at present.
parallelepiped models.
is given.

Introduction

Recent experimental work®~8 has shown that
small angle X-ray scattering is a useful method for
studying the size and shape of protein molecules in
solution. Information concerning their hydration
can also be obtained by a comparison of the X-ray
measurements with the results of sedimentation,
diffusion and viscosity studies. The latter measure-
ments are influenced by water bound to the outside
of the molecules while the X-ray measurements are
independent of it.

In this paper we present a detailed study of the
small angle scattering from solutions of a single
protein. We have studied the scattering under dif-
ferent conditions of solutions and over as large an
angular range as possible with careful consideration
given to the various factors influencing the results,
such as background scattering, the finite size of the
collimating slits and interparticle interference ef-
fects.

Serum albumin was chosen for this investigation
because of the large amount of information comn-
cerning it in the literature and because it is avail-
able commercially in purified form. We have
studied the scattering from solutions of bovine
serum albumin (BSA), the mercaptalbumin frac-
tion of human serum albumin (HMA), and a dimer
of the mercaptalbumin molecule.

Theory

The intensity of the X-rays scattered from a col-
lection of identical particles whose positions and
orientations are completely random is given by the
expression

I(h) = L(h)NF(h) (1)
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Comparing this with known data on BSA implies an internal hydration of

The ellipsoid of revolution, however, is in disagreement

.and no internal hydration and a
.and an internal hydration of 0.59. A best molecular

where # = 4w\ ~!sin 6/2, 8 is the angle of scattering,
A the wave length of the X-rays, I.(%) the intensity
scattered by a single electron, N the number of
particles in the scattering volume, and F*(k) is the
average over all orientations of the square of the
structure factor for the particles. The structure
factor of a particle depends on its size and shape,
the internal charge distribution, and on the orienta-
tion of the particle with respect to the incident X-
rays. The structure factor at # = 0 will be equal
to the total number, #, of electrons in the particle
and hence we can write in place of eq. 1

I(h) = I(hk)Nn*P(h) (2)

where P(kh) is a scattering function normalized to
unity at zero scattering angle.

Because of destructive interference between
waves scattered from different parts of the same
particle, P(k) will be small compared to unity at
scattering angles greater than § = A\/d where d is
some average linear dimension of the scattering
particle. Thus, for proteins with dimensions in the
neighborhood of 100 A. and CuKa radiation with a
wave length of 1.54 A., the strong scattering will be
chiefly at angles smaller than 0.015 radians or about
1°. At these small angles I.(h) is essentially con-
stant and the angular dependence of the scattered
intensity is given entirely by P(%). For particles in
solution 7 will be the number of electrons in the
particle minus the number of electrons in an equal
volume of the solvent, Since the electron density of
proteins is approximately 4/3 that of water, the
presence of the solvent reduces the scattering by
a factor of about sixteen. For our purposes it is
not necessary to know the actual number of excess
electrons since only relative intensities as a func-
tion of angles are involved in the work to follow.

The scattering function P(%) has been calcu-
lated by various authors®!® for certain simple
cases such as spheres, ellipsoids of revolution, cylin-
ders and prisms, all of uniform electron demnsity.
For uniform spheres of radius @, P(%) is given by

— ha cos(ha)? _
(ha)? ] -

P(h) = (k) = [3 sin(ha)
O [To(ha) |?
2 L (ka)y
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For uniform ellipsoids of revolution with semi-ininor
axis @, semimajor axis b, and axial ratio v = b/q,
P(h) is given by

/2 —_—
Plh) = j; @ ha\/cos®é + v? sin® 8) cosd d6 (4)

Guinier® has shown that for a particle of arbitrary
shape, the scattering at sufficiently small angles
approaches the Gaussian

P(h) = e™#R/s (3)
where R is the radius of gyration of the charge dis-
tribution of the particle about the center of charge.

R is defined by the relation

_ Svo(r)ridy
R P

p(7) is tlie electron density in the volume element
dv and r is the distance of this volume element from
the center of charge of the particle. The integra-
tion is extended over the volume of the particle.
Thus by plotting the logarithm of the scattered
intensity against the square of the scattering
angle a straight line should be obtained at very
small angles, the slope of which determines the ra-
dius of gyration. The radius of gyration may be
determined independent of auy assumptions about
the shape or structure of the particle. Additional
information about the size and shape of the
particle can be obtained by comparing the conplete
scattering curve with calculated scattering func-
tions, P(k), such as those given above.

Because of the low intensity of the scattering
from protein solutions and the fine collimation
needed in order to work at small angles it is seldom
possible to use protein concentrations low enough to
adequately satisfy the requirement of random posi-
tions of the scattering particles. In this case eq. 1
is no longer a good approxination and a theory is
required which takes into account the interference
between waves scattered from neighboring par-
ticles. This problem was first discussed by Zernicke
and Prins!! for the case of spherical particles and
was extended to particles of general shape by
Mencke!®* and Fournet.!?> For the case where the
orientation of the scattering particles is completely
independent of their relative positions thev obtain
the result

TN
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The distribution function W(r) is defined so that
the probability of finding a particle in an element of
volume dox and at the same time finding another
particle in the element dv; at a distance » from dux is
W(r) dwdej/v,® where v, is the average volume
available to each particle (v, M/cNy, M is the
molecular weight of particle, ¢ is the concentration
in g /ml., Ny is Avogadro’s nuinber). The factor
Fy(h) = F(h)*/F*(h) is the ratio of the square of the
average (over all orientations) of the structure fac-
tor to the average of the square of the structure
factor. The average of the square of the structure
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factor can be determined experimentally but the
square of the average structure factor must be cal-
culated. In order to make this calculation a knowl-
edge of the structure of the particle is needed. For
particles with spherical symmetry Fi(h) is identi-
cally equal to unity.

Using the Born and Green theory of fluids, Four-
net!® has derived an alternative expression for the
scattering from a system of particles which gives
the scattered intensity in terms of the interparticle
force potential, &(r), and the temperature, 7,
rather than in terms of a purely geometric distribu-
tion function. This expression is

I(h) = LW NFTR) %1 + R

Here 3(%) is defined by

W) = 5

8(h)
1 (27) 7Y — €B8(h)

b®

" (/T — 1) psin (hr) dr (9)

e is a constant generally nearly equal to unity.

This expression is convenient for following the
change in the shape of the scattering curve with
increasing concentration. In very dilute solutions
it reduces to eq. 1. As the concentration increases
eq. 8 shows that the effect of the interparticle in-
terference is usually to decrease the scattered in-
tensity at the smallest angles and to have little or
no effect on the outer part of the curve. Thus, if
one uses the Guinier approximation to determine
the radius of gyration of the scattering particle, the
effect of the interparticle interference will be to give
an apparent radius of gyration which is smaller
than the true value. In practice we determine the
radius of gyration from the average slope over a
finite angular range of the log I versus h? curve. If
we assume that the average slope we measure is
equal to the actual slope at the angle 4, in the mid-
dle of the range, then we can define an apparent ra-
dius of gyration, Ra, as follows

'd {log I(k
Rz = —3 ’-{:i)(gh?)( )]

R, will in general be a function of both concentra-
tion and angle. We can show from eq. S that for
low concentratious, 7.e.

n(27)": >> eB(0)

(10)

h=ho

we have
Ru(e, ko) = Ru(0,/10) —

3(2T)s/axvq"| [F.’(lz\,eB(h) + F,(h)eB’(h)]
R0y A

Thus the apparent radius of gyration is a linear
function of the concentration at low concentrations
regardless of the angle at which we determine it.
This is convenient in extrapolating to infinite dilu-
tion. If &y is large enough, then in some cases
R.(0, ho), the apparent radius of gyration extrapo-
lated to infinite dilution, may differ appreciably
from the true radius of gyration, R. This is be-
cause the slope was measured in these cases at an
angle outside the Guinier approximation region.
We were able to avoid this difficulty with serum
albumin since the scattering curve remains Gaus-
sian out to comparatively large angles.

Experimental

Au investigation of the angular distribution of thie X-rays
scattered at small angles by protein solutions requires an

(11)

hew hiy



Juie 5, 1955

intense well-collimated X-ray beam, In this work the X-
ray source was a tube with a water-cooled, copper anode
about four inches in diameter rotating at 950 r.p.m. The
tube was normally operated at 30 kilovolts d.c. and a current
of 80 milliamperes. The beam was collimated with a slit
system (Fig. 1) used in previous work in this Laboratory.’8
For most of the work on serum albumin the slits were each
0.06 cm. wide and 1.0 cm, high. Successive slits were 50
cm. apart. With this arrangement, the total flux incident
on the sample was approximately 10% photons/sec. and the
background scattering with nothing in the scattering posi-
tion was less than 1 photon/sec. at angles from the central
beam greater than 0.005 radian. Monochromatization was
achieved with balanced Ross filters of nickel and of cobalt
foil which isolate the CuKe« line. A Geiger counter was
used to detect the X-rays.

cD
ﬁ?c ‘f o

/ﬁn — T
! Hee

Fig. 1.—Diagram of slit collimating system (scale 10:1):
A, X-ray tube exit window; B, mica window; C, tantalum
slits; D, vacuum connections; E, Ross filters on slide; F,
Geiger counter; G, high precision screw; H, calibrated
wheel; I, pivot and sample holder; J, rollers.

The sample holders for the protein solutions were thin-
walled glass tubes with a transmission for CuKa X-rays
of about 709%,. These had the advantage over plastic
sample holders of contributing very little to the background
scattering. The tubes were made by drawing down Pyrex
tubing until the walls were about 0.02 mm. thick and then
flattening them by pressing between two pieces of graphite
in a furnace until the tubes had a roughly rectangular cross-
section of 1 mm. by 3 mm. They were filled by means of a
fine pipet and sealed at each end with a drop of paraffin.
The sample holders were fastened with Scotch tape to a
metal mount which could then be placed in position in the
X-ray beam inside a cylindrical cooling shield. The cool-
ing shield was double walled with cold water circulating
between the walls to keep the sample at about 10° during a
run. This is of importance since the runs usually lasted 8-
12 hours.

An adequate correction for background scattering can be
made by measuring the scattering from the sample holder
filled with solvent and subtracting these readings from the
solution scattering. In the region of the Guinier approxi-
mation the background scattering was about equal to the
protein scattering in a solution with an albumin concentra-
tion of 0.259,. Thus the taking of data on solutions more
dilute than this was unrewarding. At larger angles the
protein scattering dropped off more rapidly than the back-
ground so that even with 59, albuniin solutions the protein
scattering was only one-half the background scattering at
0.05 radian, the largest angle at which data were taken.
Figure 2 sliows the distribution with angle of the back-
ground scattering, and for comparison the scattering from a
19, serum albumin solution. The background scattering
is broken down into scattering from solvent, saniple holder,
thie air around the sample holder, and a blank background
which is mainly due to scattering from the mica windows of
the slit system. The counts due to cosmic rays and local
radioactivity are immediately eliminated from all data by the
procedure of taking the difference between the readings with
a nickel filter and a cobalt filter. The determination of the
components of the background requires a more elaborate
procedure than is necessary for the routine correction of
data. If no background corrections are made, the apparent
radius of gyration as determined from a 5% serum albumin
solution is 1.59, low. The effect would increase to 8.5%
in the case of a 0.5% albumin concentration. However,
since the background scattering can be determined to a few
per cent., it is a negligible source of error in the radius of
gyratioil.

To determine the effect on the scattering data of the finite
size of the collimating slits detailed calculations were made
of the smearing cffect of slits of various sizes on the tlico-
retical scatteriug curves for ellipsoids of revolution. A
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study also was made of the inverse process of correcting the
experimental data to eliminate slit effects. A complete
report of this work will be given in a later paper. The cal-
culations showed that for a scattering curve with the ap-
proximate shape of that of serum albumin and with the slit
dimensions given previously, the effects of the finite width
and height of the collimating slits on the initial slope of the
curve were each considerably less than 19, and of opposite
sign. Hence the slit correction to the radius of gyration,
which depends on the square root of the initial slope, is
negligible.
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Rig. 2.—Background scattering in comparison to BSA
scattering. Each background is added to the one below it.

The scattering curve for serum albumin at larger angles,
beyond the region where the Guinier approximation is valid,
will be affected to a small extent by slits of the height used
in the present work. Corrections were made by the method
suggested by Shull and Roess.’* They have shown that if
the experimental scattering curve can be resolved into a
sum of Gaussians, F() = Z;T; e~4%*, then the slit-cor-
rected scattering curve can be represented by another sum
of Gaussians with different term amplitudes, T’ = g(¢4)T;.
The function g(¢;) depends only on the geometry of the scat-
tering apparatus and was calculated in closed form for the
slit system in this work. It was found that tlie serum al-
bumin scattering curve could be fitted quite accurately
by a sum of three Gaussians. The results beforc and after
the correction for the effects of the slit heights will be dis-
cussed later,

Materials.—Thec bovine seruin albumin used iu this work
was a crystallized preparation obtained from Arinour and
Company, Lot 284-8. According to the given specifica-
tions, this preparation had a globulin content of less than
0.019,. The human mercaptalbumin monomer and dimer
preparations were obtained as frozen solutions of approxi-
mately 149, concentration from Professor John T. Edsall
of Harvard Medical School. They had been prepared by a
further fractionation of human Fraction V following the
method of Hughes.” Sedimentation studies of both the
BSA and HMA preparations showed no evidence of any
peaks other than thie main one, but a slight asymmetry of
the main peak in both cases indicated a few per cent. of
material slightly larger than the main component. Since
there is such a small amount of this heavy component and
since its molecular weight would appear to be only about
twice that of serum albumin it should not liave a significant
effect on the scattering curves.

(14) C. G. Shull and L. C. Roess, J. Appl. Phys., 18, 205 (1047).
(15) W. L. Hughes, Jr., THIS JOURNAL, 69, 1836 (1947).
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Most of the samples were prepared by dialyzing against
a salt solution of the desired pH and ionic strength. The
dialyses were carried out for 24 hours at 0° with several
changes of the bath, Protein concentrations were obtained
by dry weight determinations. For some of the runs on
BSA at high concentrations the Armour material was dis-
solved in distilled water and no dialysis carried out. In
these cases the ionic strength was about 10~2 and the pH
about 5.

Results

Monomer.—A series of runs at concentrations
varying from 5% down to 0.5, was made on both
bovine serum albumin and human mercaptalbumin
monomer under essentially isoelectric conditions
(pH 4.65 in 0.05 M NaCl). The runs on BSA are
shown in Fig. 3 on a graph of intensity versus scat-
tering angle. When plotted on a graph of log inten-
sity wersus scattering angle squared the runs all gave
straight lines (but of different slopes) in the angular
region 0.005 to 0.012 radian (4xRA™! sin §/2 =
0.6 to 1.5). A typical run plotted in this way is
shown in Fig. 4. The extrapolations to zero angle
shown in Fig. 3 were made on the basis of the
straight line plots.
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Fig. 3.—The angular distribution of X-rays scattered
from solutions of BSA under nearly isoelectric condi-
tions.
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Fig. 4—The X-ray scattering from a 4.73% BSA solution
iit the region of the Guinicr approximation or a plot of log of
scattered inteusity versus scattering augle squared.
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Even at these low concentrations and under ap-
proximately isoelectric conditions there was a
measurable interparticle interference effect result-
ing in a steady decrease of the apparent radius of
gyration with increasing concentration. In order
to eliminate this effect from the final result the ap-
parent radii of gyration were plotted against con-
centration and the true value found by extrapola-
tion to zero concentration. A straight line extra-
polation was found to fit the data within the ex-
perimental error in agreement with the theoretical
result expressed in eq. 11. The average deviation
of the results from this straight line was about
0.59,. The extrapolation to zero concentration is
shown in Fig. 5. The extrapolated results for the
radii of gyration are 29.8 A. for bovine serum al-
bumin and 31.0 A. for human mercaptalbumin
momnorer.

(VM)
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Apparent radius of gyration, A.
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0 0.02
Conen., g./cc.

Fig. 5.—Apparent radius of gyration as a fuuction of con-
centration for solutions of BSA and HMA monomer and
dimer: ®, HMA dimer, 0.10 T'/2 PO, pH 6.0; @&, HMA
monomer, 0.10 T'/2 PO,, pH 6.0; O, HMA monomer, 0.05
M NaCl, pH 4.7; X, BSA, 0.05 M NaCl, pH 4.65.

Since our precision is estimated to be about 1%
this difference of 49 in the radii of gyration as de-
termined here is a real differenice. Whether it rep-
resents an actual difference between the BSA
molecule and the HMA molecule in solution or
whether it represents instead a difference in purity
of the preparations or perhaps an effect due to ag-
gregation or denaturation is a more difficult ques-
tion. As stated previously, sedimentation studies
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on both preparations gave evidence for only a very
small amount of a slightly heavier impurity. Even
59, of an impurity of twice the molecular weight of
serum albumin present in one solution but not in
the other would result in a difference in the appar-
ent radii of gyration of only about 29, On the
other hand it would take no more than 0.5%, of an
impurity with ten times the molecular weight of
serum albumin to account for the entire difference
of 49%,. Impurities of much larger molecular
weights would rapidly become unimportant because
their scattering would be confined to angles too
small to be observed. It should be noted that the
reported values for the molecular weight and sedi-
mentation constant of bovine and human serum
albumin are the same within an experimental error
of 1 or 29. These results refer to unfractionated
human serum albumin while our X-ray results on
human albumin refer to the mercaptalbumin frac-
tion.

Another series of runs was made on the mercap-
talbumin monomer at concentrations from 59
down to 0.59%, and a pH 6.0 in a phosphate buffer of
ionic strength 0.10. Under these conditions the
interparticle interference effect was considerably
larger than under isoelectric conditions, resulting
in a much greater decrease with concentration of the
apparent radius of gyration. The extrapolated
value for the radius of gyration, however, seemed
to be the same within the experimental error as ob-
tained under isoelectric conditions. The results of
this series of runs are also plotted in Fig. 5.

The results shown in Fig. 5 point out the fact
that interparticle interference effects are important
even at concentrations of less than 59%. Previous
investigators in this field have usually considered it
sufficient to keep concentrations below about 109,.
It is evident that even under approximately isoelec-
tric conditions this can result in an appreciable error
in the radius of gyration and under other than iso-
electric conditions it can result in very large errors,
This effect undoubtedly explains the difference be-
tween the present result of 29.8 A. for the radius of
gyration of bovine serum albumin and the result of
26.6 A. given in a previous paper by Ritland, Kaes-
berg and Beeman.? It could also explain the even
lower result of 23 A. obtained by Dervichian, Four-
net and Guinier* on horse serum albumin although
there is also the possibility of a species difference.
In light scattering experiments these interference
effects are even more apparent since the effects in-
crease with decreasing scattering angle and light
scattering measurements, due to the longer wave
length, are equivalent to X-ray experiments at
much smaller angles than those here measured.

The extrapolated results given above for the ra-
dii of gyration are the most unambiguous informa-
tion that can be obtained from the small-angle scat-
tering data. Additional but more ambiguous in-
formation on the shape of the molecules can be ob-
tained by comparing the extended scattering curve
with the theoretical scattering curves for particles
of various shapes. If one assumes for convenience
an ellipsoidal model as is commonly domne, then one
can hope to obtain the axial ratio of the proposed
ellipsoid by comparing the complete scattering
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curve with the theoretically calculated scattering
functions for ellipsoids of revolution.

For this purpose extended runs were made on bo-
vine and human albumin at concentrations of 5%,
and at isoelectric conditions. These runs extended
to an angle of 0.05 radians (4wR\~! sin 6/2 = 6)
where the intensity was down by almost a factor of
one hundred from the central scattered intensity.
To eliminate the interparticle interference effects at
small angles these runs were combined with runs
taken at small angles on more dilute solutions to
give composite curves which extended to large an-
gles and were free of interference effects. There was
no appreciable difference between the curves for
bovine serum albumin and human mercaptalbumin
after the abscissa has been adjusted to allow for the
49, difference in radius of gyration, indicating that
the two molecules have essentially the same shape.

Before comparing with the theoretical curves,
the experimental scattering curve for BSA was
corrected for slit effects which became mnoticeable
at angles beyond the region of the Guinier approxi-
mation. To make this correction the experimental
curve, F(6), was resolved graphically into a sum of
three Gaussians as
F(8) = 811e=(7.38)%2 + 135.50=(56.6)%2 + 53.56‘(25~5)’9(’ |

12
The intensity has been normalized to 1000 at the
origin. The slit corrections were then made by cal-
culating the change in the term amplitudes. This
gave the following result for the slit-corrected,
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Fig. 6—The bovine serum albumin scattering curve (A) be-
fore slit correction and (B) after slit correction.
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BSA scattering curve, f(6), alter renormalizing to a
central inteusity of 1000
() = 81527(7.36)%0% + 1202(56.6)%0¢ 4 35 Le—(25.5)%*

(13)
I1 Fig. 6 there is a graph of equation 12 with the
experimental points superitiposed aund below it a
graph of equation 13.

Figure 7 shows the comparisou of the slit-cor-
rected scattering curve for BSA with the theoretical
scattering curves for ellipsoids of revolution, both
prolate and oblate. The solid lines are the theoreti-
cal curves; the dashed line is the slit-corrected ex-
periniental curve (eq. 13). The theoretical curves
arc all drawn for a radius of gyration of 29.8 A.
It is clear that the experimmental curve agrees bet-
ter with an oblate ellipsoid model than with a pro-
late model. The experimnental curve for serum al-
buniin is in fairly close agreement over the entire
intensity range of nearly 100 to 1 with the theoret-
ical curve for an oblate ellipsoid of axial ratio about
(3.5)~!. A characteristic feature of the experi-
mental curve is a slight positive curvature beyond
0.025 radians (4mR\~!sin /2 = 3). This is present
on the theoretical curves for oblate ellipsoids but
is absent on the corresponding curves for prolate
ellipsoids.

Dimer.—A series of runs was also made on solu-
tions of a mercury dimer of human mercaptalbunin.
Uuder proper conditions the dimer is almost free
of monoiner contamination. A solution at pH
6.0 in a sodium phosphate buffer with an ionic
strengtlt of 0.10 was obtuined from Professor Edsall.

This preparation was runt at concentrations vary-
ing from 39, down to 0.259,. Sedimentation stud-
ies showed that the amount of monoiner remaining
in the solution was less than 109, at a total protein
concentration of 29, and remained constant at
about 149, at protein coucentratious from 197
down to 0.259;. The dimer scattering was cor-
rected for this admixture of monomer by multiply-
ing the monomer scattering curve by the proper
factor to take into account the mononier concen-
tration and then subtracting this curve from the
observed curve for the dimer preparation. The ap-
parent radii of gvration as obtained from these
corrected curves were plotted against concentra-
tion and extrapolated to zero comncentration as
shown in Fig. 5. The extrapolated result for tlic
radius of gyration of the dimer was 37.2 A.

It can readily be shown that the radius of gyra-
tion, R., about the center of chiarge of a rigid sys-
tem composed of two identical particles cach witlt a
center of inversion is given by

R? = R + (d/2)? (14)

where R, is the radius of gyration about its own
center of charge of each of the individual particles
and ¢ is the separation of the centers of charge.
Using this relation and the results of 31.0 and 37.2
A. for the radii of gyration of the HMA monomer
and dimer, the separation of the centers of the two
components is calculated to be 41 A,

Interference Effects.—The results discussed so
far were derived fromn the scuattering curves after
interparticle iuterference cffects liad been eliui-
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nated by extrapolation to infinite dilution. If
instead we concern ourselves with the interparticle
interference effects themselves, we can obtain
information about the molecular interactions in
solution. It is not the purpose of this paper to dis-
cuss these effects in detail. We will however give
some results for the purpose of indicating that the
interference effects are of the magnitude to be ex-
pected, thus providing additional evidence for the
correctness of the extrapolations referred to above.
From eq. 18 it follows directly that

Kc 1 3, NV
o0 [1 — Fi(h)eB(h)(2w)/s e ... ] (15)

where K is a constant. Further tertus in the series
involve higher powers of the concentration, c.
Thus if at any value %, corresponding to a scatter-
ing angle 6y (b = 4w\~! sin 6/2) we plot the ratio of
the concentration to the scattered intensity versus
the concentration we should obtain a straight line
at small concentrations. The intercept of this
straight line with the zero comcentration axis de-
termines P (%) and the slope of the line determines
Fi(ho)eB(ho). Doing this at several angles we can
determine 3(h) if we know Fy(h)e, and from 8(k) we
can in theory determine the interparticle potential,
®(7), by a Fourier inversion of eq. 9. Alternatively
we could determine the radial distribution function
W(r) from a Fourier inversion of the scattering
curve using eq. 7. To do either of these inversions is
beyond the scope of this paper and moreover would
be hindered by the fact that both of them require
a knowledge of F,(k), which cannot be accurately
calculated until the shape of serum albumin is defi-
nitely established. We will, however, attempt to
determine §(0) since this value of 3 has special sig-
nificance and since its determination is simplified
because Fi(0) = 1. B(0) is related to B, the inter-
action constant which appears in the osmotic pres-
sure equation

P

1
RTc ~m T 5 (16)
by the following relationship
B(0) = —2M2B(2m)~*/3(No) ™! a7

Thus for the limiting case of very small angles eq. 16
reduces to

¥

N

c
1(0)

which is analogous to the expression for the turbid-
ity which is commonly used in light scattering
work.

Using values of I(0) obtained by extrapolating
the intensity curves back to zero scattering angle
we plotted ¢/I(0) versus ¢ for each of the three sets
of data—BSA in 0.05 M NaCl at pH 4.65; HMA
in 0.05 M NaCl at pH 4.65; and HMA in 0.10
ionic strength phosphate buffer at pH 6.0. There
was a scatter of points due both to uncertainties
of extrapolation and also to fluctuations in the in-
tensity of the incident X-ray beam over the period
of time required to take the three sets of data.
Drawing the best possible straight line, however,
and using eq. 18 we obtained the results in the
fourth column of Table I.

|

1
= o + 2B (18)
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TABLE 1
B X 10¢
From From
Protein r/2 tH eq. 18 eq. 19
BSA 0.05 NaCl 4.65 3.8 2.8
HMA .05 NaCl 4.65 7.4 3.7
HMA .10 PO, 6.0 12.3 9.2

We have attempted to compare these results
with the values of B determined by Edsall, et al.,!
in their light scattering work on BSA. This compar-
ison cannot be made accurately due to uncertainties
in titration data and due to the fact they took their
data at other ionic strengths and, in some cases,
with other buffers. Making rough interpolations on
the graphs of their results, however, we find that
they obtained a B of about 2 X 10% in 0.05 3/ NaCl
near pH 4.6 and a B of about 10 X 10° in 0.10 M/
NaCl near pH 6, in satisfactory agreement with
our results.

We would also like to check if the variation of ap-
parent radius of gyration with comncentration is
what would be expected from the theory of inter-
particle interference effects, The slopes of the
straight lines in Fig. 5 showing the variation of R,
with concentration are given by eq. 11. We see
that these slopes depend on the functions F;(k) and
B(k) and their first derivatives. Neither of these
functions is known for an actual serum albumin
solution, but if we assume for the purpose of an or-
der of magnitude calculation that the serum albu-
min molecules behave in solution like a collection of
hard spheres, then we can determine the diameter,
D, of these hypothetical spheres from the slope of
the lines of R, versus ¢. Then knowing the relation-
ship between D and the interaction constant, B, we
can get another rough estimate of B to compare
with that made above. For the case of a collection
of hard spheres eq. 11 reduces to

_ 1.89Db _ ®/(hyD)
Raleo) = Ral0) = [ gmec |+ | = el x
(19)

where ®(x) is the same function defined in eq. 3.
Using eq. 19 and the data in Fig. 5 we obtained the
estimates of B shown in column 5 of Table I. We
see that the agreement with the estimates made
previously on the basis of the extrapolated zero-
angle scattering is satisfactory considering the
assumptions made. It appears therefore that the
observed variation with concentration of both the
extrapolated zero-angle scattering and the apparent
radius of gyration are in agreement with the theory
of interparticle interference effects and with the
values of the interaction constant, B, previously
measured by light scattering.

Finally we would like to show some data taken
at much higher concentrations. Figure 8 shows
scattering curves from BSA solutions at concentra-
tions of 5, 21 and 489, (w./v.). The curves show
clearly the effect of increasing interparticle inter-
ference and the curve for the highest concentration
shows an interparticle interference maximum at an
angle of 0.019 radian. Considering the diffuseness
of the peak this agrees satisfactorily with the peak
position of 0.022 radian obtained for this concen-

(16) J. T. Edsall, H. Edelhoch, R. Lontie and P. Morrison., TRIS
JOURNAL, 72, 4641 (1950).
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tration by Riley and Oster" in their work on small-

angle X-ray scattering from concentrated solutions
of BSA.

60 |-

50 |-

40 +

Intensity (arhitrary units).

20 +

10 -

0 i | |

0 0.01 0.02 0.03
Scattering angle (radians).

0.04 0.05

Fig. 8 —Scattering curves for concentrated solutions of
bovine serum albumin.

Discussion of Results

We will now discuss the relation of the X-ray
imneasurements to other physical-chemical data on
serum albumin. As mentioned previously, this com-
parison can give information on the hydration of
the serum albumin molecule in solution. We will
first consider a siinple ellipsoidal model and then
concern ourselves with the more complex models
which seem to be required to fit single crystal X-
ray diffraction results.

Ellipsoidal Model.—The single crystal work of
Low! on human serum albumin gives a molecular
weight of 65,600. A recent determination by
Gutfreund!® of the molecular weight of bovine
serum albumin from osmotic pressure measurements
gives a result of 66,000. Using a value for the sedi-
mentation constant of BSA of Sy~ = 4.30 Sved-
berg units,?~2¢ a value for the diffusion constant
of Dyw = 5.93 X 10~ cm.?/sec.,” and a value
for the partial specific volume of 0.734 cm.?/g.®
we calculate a molecular weight of 66,200 and a
frictional ratio of 1.34. In the following discussion
then, we will use 66,000 for the molecular weight
of both human and bovine serum albumin.

If we assume that the partial specific volume is

(17) D. P. Riley and G. Oster, Discs. Faraday Soc., 11, 107 (1951).

(18) B. Low, THIS JoURNAL, 74, 4830 (1952).

(19) H. Gutfreund, Trans. Faraday Soc., 50, 628 (1954).

(20) G. Kegeles and F. J. Gutter, TrIs JoURNAL, T8, 3770 (1951).

(21) J. F. Taylor, Arch. Biochem. Biophys., 86, 357 (1952),

(22) G. L. Miller and R. H. Golder, ibid., 36, 249 (1952).

(23) J. M. Greeth, Biochem. J. (London), 81, 10 (1952).

(24) S. Shulman, A»ch. Biochem. Biophys., 44, 230 (1933).

(25) D. F. Akeley and L. J. Gosting, THI$ JourxaL, T§, 5685
(1953).

(26) M. O. Dayhoff, G. 12, Perlmann and D. A. Maclnnes, 7bid.,
74, 2515 (1952).
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approximately equal to the reciprocal of the den-
sity of the molecule in solution, the above results
give a molecular volume of 80,000 A.3. A knowledge
of the volume and the radius of gyration of an el-
lipsoid of revolution determines the two possible
axial ratios, one prolate and one oblate. Hence by
assuming an ellipsoidal model and ignoring for a
moment the evidence of the extended X-ray scat-
tering curve we determine from the radius of gyra-
tion of 29.8 A. and the molecular volume of 80,000
A.% an axial ratio for BSA of either 3.5 prolate or
(5.4)~1 oblate. This approach is analogous to that
used in light-scattering work in determining a molec-
ular shape from the molecular weight and dissym-
metry of scattering. The axial ratio of BSA was also
determined in this way in earlier work from this
Laboratory. We see, however, that we now en-
counter difficulties with this approach since both
the axial ratios obtained in this way are in poor
agreement with our results for the extended scat-
tering curve as shown in Fig. 7. The disagreement
could be due to failure of the assuinption that the
molecular density in solution is the reciprocal of
the partial specific volume. This assumption would
be in error if the serum albumin molecule in solu-
tion were internally hydrated.

If we discard, therefore, the axial ratios of 3.5
prolate or (5.4) ! oblate calculated above from the
radius of gyration and anhydrous molecular volume
and use instead the axial ratio of (3.5)~! oblate
which is in best agreement with the extended scat-
tering curve, then we can calculate a molecular
volume from the X-ray scattering data alone. This
volume turns out to be 120,000 A3 as compared to
80,000 A.% obtained above for the volume of the
anhydrous molecule. The difference could be ex-
plained if we assign to the serum albumin molecule
in solution an internal hydration of 40,000 A.® of
water. It would have to be an internal hydration,
which expands the region of higher electron den-
sity, since water bound to the outside of the pro-
tein molecule would not affect the X-ray scattering
unless the hydrated layer were considerably coin-
pressed. An internal hydration of 40,000 A.?
amounts to 0.37 g. of water per gran of protein if
we assumme that the partial specific volume of the
water of hydration is unity.

It is generally assumed that the water bound to
proteins in solution is bound to the outside of the
molecule, although recent work’ in this Labora-
torv has indicated quite conclusively that there is
internal hydration in some large nucleoproteins.
The present evidence for the internal hydration of
serum albuinin is much less conclusive. It is quite
possible that soine model other than an ellipsoid of
revolution would give a scattering curve in agree-
ment with our results and not require the assump-
tion of internal hydration. One such model will
be discussed below, but in that case too there
seems to be some preference for a volume larger than
the anhydrous voluine of 80,000 A.3.

Additional information on the hydration may be
obtained from the frictional ratio. Using the value
of 1.34 for the frictional ratio of BSA calculated
above from the sedimentation and diffusion con-
stauts and partial specific volume and using an axia
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ratio of (3.5) !, Oncley’s contour diagram? gives a
total hydration of 0.48 g. of water per g. of protein.
Assuming an internal hydration of 0.37 this indi-
cates an additional 0.11 g. of water per g. of protein
bound to the outside of the albumin molecule.
The uncertainties in these hydrations due to the
uncertainties in the measured quantities are dif-
ficult to estimate but they are quite large. The ad-
ditional uncertainties due to the assumptions about
ellipsoidal shape, partial specific volume of the wa-
ter of hydration, etc., are even more difficult to
estimate.

Viscosity measurements on solutions of human
serum albumin reported by Oncley, Scatchard and
Brown? give an intrinsic viscosity of 0.042 or a vis-
cosity increment of 5.7. From another contour
diagram of Oncley,? the total hydration of a mole-
cule can be determined if the viscosity and axial
ratio are known. A viscosity increment of 5.7 and
an axial ratio of (3.5) ! gives a total hydration of
0.40 g. of water per g. of protein which is in reason-
able agreement with the result of 0.48 obtained
above.

Thus if we assume that the bovine serum albu-
min molecule is an ellipsoid of revolution we find
an axial ratio of (3.5)7!, a radius of gyration of
29.8 A., an internal hydration of 0.37 g. of water
per g. of protein, and an external hydration of 0.11
to be consistent with our X-ray scattering results
and the results of sedimentation, diffusion and vis-
cosity measurements. The picture is essentially
the same for the human mercaptalbumin molecule
excep}Kx for the slightly greater radius of gyration of
31.0 A.

Other Models.—The simple ellipsoidal model we
present above is not in agreement with that sug-
gested by Oncley® on the basis of dielectric disper-
sion measurements and other data. He suggested
as a model for the human serum albumin molecule
a prolate ellipsoid 150 A. long and 38 A. in diame-
ter with a hydration of 0.2 g. of water per g. of pro-
tein. From viscosily and sedimentation studies on
human mercaptalbumin Oncley?® also suggested
an alternative model described as a modified right
prism 150 A, long, 36 A. wide, and 38 A. high. Ina
recent X-ray study of crystalline human serum al-
bumin Low! shows that a molecular model similar
to Omncley’s modified prism packs well into the unit
cell of human mercaptalbumin dimer and of human
decanol albumin. A dimer molecule composed of
two oblate ellipsoids of revolution each with a ra-
dius of gyration of 31 A. and an axial ratio of (3.5) !
cannot pack into the mercaptalbumin dimer unit
cell measured by Low. Ellipsoids with the above
radius of gyration and axial ratio would be 27.5 A.
high and have a diameter of 96 A. They would have
to be oriented with their axis of revolution parallel
to the b axis of the crystal but since the ¢ dimension
of the unit cell isonly 51.5 A. in the “‘air-dried”’ crys-
tal and 63 A. in the “wet” crystal it appears that
the simple ellipsoidal model cannot be made con-
sistent with the X-ray diffraction data. It is possi-
ble there are some shape changes as the monomer

(27) J. L. Oncley, Ann. N. Y. Acad. Sci., 41, 121 (1941),

(28) J. L. Oncley, G. Scatchard and A. Brown, J. Phys. Colloid

Chem., 51, 184 (1947).
(29) J. L. Oncley, personal communication quoted by B. Low.??
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goes into the dimer but these would have to be con-
siderable in order to be of help and besides it ap-
pears to be equally difficult to pack the above ellip-
soids into the human serum decanol albumin unit
cell described by Low.

On the other hand, right prisms of the dimensions
suggested by Oncley?® and Low!® are not in agree-
ment with our small-angle scattering results.
Even the shortest model (130 X 22 X 50 A.) sug-
gested by Low for the mercaptalbumin molecule has
a radius of gyration of 33.2 A, significantly higher
than our result of 31.0 A., and a roughly prolate
shape in disagreement with our extended scattering
curve. In addition, the type of packing proposed
by Low for the mercaptalbumin dimer crystals re-
quires that the center to center separation of the
two monomer units in the dimer be at least half the
a dimension of the unit cell, thatis 74 A. in the “‘air-
dried” crystal and 82.5 A. in the “wet” crystal.
This is twice as great as the 41 A. separation calcu-
lated from the measured radii of gyration of mono-
mer and dimer.

In attempting to find a model consistent with all
of the X-ray data we have been led to consider a
rectangular parallelelpiped. Such a model with
dimensions of 74 X 22 X 49 A. gives the correct
anhydrous volume of about 80,000 A.2 (0.734(V) !
X 65,600) and a dimer of two such molecules can
be packed into the unit cell of the “air-dried’”’ mer-
captalbumin dimer crystal and satisfy the space
group requirements. Moreover the amount of
overlap of the two monomer units in the dimer is
now entirely at one’s disposal and a center to center
separation of 41 A. can be achieved. The strong
(040) reflection in the dry crystal could be ex-
plained by assuming a double layer structure for the
monomer. This model], however, gives a radius of
gyration of only 26,4 A. Thus to obtain the mono-
mer radius of gyration of 31.0 A. we must again as-
sume that the molecule in solution is swelled by in-
ternal hydration. Figure 9a shows the packing into
the unit cell of the “wet”’ dimer crystal of a parallele-
piped with its dimensions increased to 82.5 X
27.5 X 63 A. which give a radius of gyration of 31.0

This model has a volume of 143,000 A.? corre-
sponding to an internal hydration of 0.59 g. of wa-
ter per g. of protein. In addition to the fact that
such a large internal hydration seems unlikely it
appears that this model also may be too symmetric
to be in good agreement with our extended scatter-
ing curve.

Somewhat more promising results are possible if
we drop the necessity of a 41 A. center to center
separation of the two monomer units of the dimer
in the “‘air-dried”’ dimer crystal. This might still be
consistent with our measured separation of 41 A.
in solution if, for instance, the two molecules of the
dimer in solution were able to rotate about the
—S-Hg-S— bond either freely or to a new position
different from that taken in the dry crystal. With
this assumption we may consider a right prism
which packs into the crystal structure as suggested
by Low but which has modified dimensions so as to
give a radius of gyration of 31 A. A prism 106 X
21.5 X 50 A. hasa volume of 79,000 A.%, a radius
of gyration of 31.0 A. and packs into the mercaptal-
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bumin dimer crystal as shown in Fig. 9b. It is not
obvious without a detailed calculation to what ex-
tent this model would agree with our extended
scattering curve. Qualitatively, however, it ap-
pears that the model may be somewhat too asymmet-
ric and have too small a volume to agree well with
the observed scattering at larger angles.

9 . es5a

b
8£A. k

FFig. 9.— Packiug of two proposcd models for serum albu-

win molecule into tlie mercaptalbumin dimer ‘“‘wet’” unit
cell: (a) 8.25 A. rectangular parallelepiped, (b) 106 A.
right prism.

To review briefly, the 82.5 A. rectangular paral-

lelepiped and 106 A. right prism described above
both give a radius of gyration of 31 A. and both
pack into the crystal structure described by Low.
The parallelepiped has a volume much bigger than
the dry volume of HMA and hence necessitates
the assumption of a large internal hydration of 0.59
g. of water per g. of protein; the prism has a volume
just equal to the dry volume of HMA and thus re-
quires no internal hydration. The parallelepiped
appears to be too symmetric and the prism too
asymmetric to be in good agreement with the scat-
tering data at larger angles, which agrees well with
the scattering curve for an oblate ellipsoid with axial
ratio of (3.5) 7. These conclusions have not been
checked, however, by a calculation of the scattering
function for either the parallelepiped or the prism.
Figure 10 shows a cross-sectional view and a top
view of the 82.5 A. parallelepiped, the 106 A. prism,
and the 96 A. oblate ellipsoid of revolution. It
will be noted that there is some similarity among
the three models. A shorter but wider prism could
still give the correct dry volume and crystal pack-
ing and with some internal hydration in solution
could also give a radius of gyration of 31 A. Only
the parallelepiped, however, of the models we have
considered, could give a center to center separation
for the dimer in the “air-dried”’ crystal of 41 A.
Calculation of the scattering functions for these and
other models so that their agreement with the ex-
tended scattering curve could be checked should
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help to establish a satisfactory model for the serum

albumin molecule.
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Fig. 10.- Comtparisonr of various proposcd models for
serumt albuinin moleeule: (a) side view, (b) top view.

vol, A.

Dimension, A. R.A. >é) 10-3

106 X 21.5 X 50 31.0 79

96 X 27.4 X 96 31.0 132

Model
Right prisin
Ellipsoid of revolution
Rectangular paral-

lelepiped S2 X 27.5 X 63 31.0 143

In the above discussion we have attempted to
interpret our X-ray results in terms of molecular
models with unifornt electron density. This is cer-
tainly valid if the only density fluctuation in thc
protein molecules are on an atomic scale since such
small spacings produce negligible phase differences
at the angles involved here. We have made a simple
calculation to determine if such an interpretation is
still valid with the longer wave length density
fluctuations to be expected in molecules made up of
a close-packed collection of coiled polypeptide
chains. Since the scattering in the region of the
Guinier approximation depends only on the radius
of gyration, it was necessary only to calculate the
effect of a given intramolecular structure on the
radius of gyration to find its effect on the scattering
in that region.

For ease in calculation we assuined the seru al-
bumin molecule to be a box with dimensions 80 X
60 X 33 A. This can be approximated by threc
rows of close-packed cylinders 12 A. in diameter
and 80 A. long with 5 cylinders in each row. Eacli
cylinder represents a coiled polypeptide chain.
Since the density will be higher along the backbone
of the chain than in the side-chain region, we as-
sumed all the electrons to be concentrated in rods
5.5 A. in diameter along the axis of each cylinder.
This corresponds roughly to the diameter of the
Pauling and Corey a-helix.?® We found the radius

(30) L. Pauling and R. B. Corey, Proc. Nai. Acad. Sci. L. S.. 37,
205 (1951).
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of gyration of this collection of rods to be less than
19, smaller than the radius of gyration of the box if
it were uniformly filled. Even if we let the diameter
of the central rods go to zero as their density became
infinite the difference is still less than 19;. Also
changing the 12 A. center to center separation of
the chains over the range from 10 to 15 A. has little
effect on the results. While the assumed intramolec-
ular structure is an obvious oversimplification, the
calculation does indicate that in the region of the
Guinier approximation density fluctuations due to
the polypeptide chains in the protein molecule will
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not affect the scattering. An interpretation of this
part of the scattering curve in terms of models with
uniform density should give valid results for the
over-all dimensions of the molecule. A closer study
would be necessary to determine at what angles the
intramolecular structure becomes important in the
interpretation of the scattering data.
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A Re-evaluation of the Spectral Change Method of Determining Critical Micelle
Concentration'

By Pasupatri MUKERJEE? AND KAROL J. MYSELS
RECEIVED NOVEMBER 16, 1954

The critical micelle concentration (CMC) is most frequently determined these days by spectral change methods involving
color changes of dyes, particularly of pinacyanol, as the detergent concentration changes. A critical examination of this
method as applied especially to sodium lauryl sulfate (NaLS) is presented. It is shown that the color change involves the
formation of a dye-detergent salt which is highly insoluble but forms a coarse and quite stable suspension in the presence of
somewhat more than stoichiometric amounts of detergent. For pinacyanol this salt is red. The presence of the insoluble
salt induces the formation of mixed blue micelles at concentrations substantially below the CMC of NaLS$ itself. The
complete solubilization of the dye—~detergent salt and therefore the apparent CMC determined by this method depends on a
number of factors such as the concentration of dye, the absolute value of the CMC and the temperature. As a result large
errors in both absolute and relative values of CMC’s are being introduced by the use of this method. The composition of in-

duced mixed micelles and their transition to normal micelles are briefly discussed.

At concentrations generally used (10—% to 10—+
M) the dye pinacyanol gives a violet solution in
water. In the presence of low concentration of
many detergents (e.g., 0.03-0.169, sodium lauryl
sulfate) it gives a red color. At only slightly higher
concentrations (0.229%, and up NaLS) a blue solu-
tion is produced. The color change between red and
blue occurs not very far from the critical micelle
concentration (CMC) of the detergent. The same
type of behavior is shown by a number of other
dyes. The concentration at which the color
change occurs is easy to determine experimentally
and ever since Harkins and co-workers®—¢ proposed
this ‘‘spectral change method” of determining the
CMC it has become by far the most popular one.
The articles describing its use are too numerous to
be all quoted and so only a few are cited.?~1

In addition to the determination of a large num-
ber of CMC’s on a variety of systems several struc-

(1) Presented in part before the Division of Colloid Chemistry
at the New York Meeting of the American Chemical Society, Septem-
ber, 1954,

(2) Colgate-Palmolive—Peet Pre-Doctoral Fellow.

(3) M., L. Corrin, H. B. Klevens and W, D. Harkins, J. Chem. Phys.,
14, 216 (1946).

(4) M. L. Corrin, H. B. Klevens and W. D. Harkins, 7bid., 14, 481
(1946).

(8) M, L. Corrin and W. D. Harkins, THIS JOURNAL, 69, 679 (1947),

(8) M., L, Corrin and W. D. Harkins, 7bid., 69, 683 (1947).

(7) H. B. Klevens, J. Phys. Colloid Chem., 54, 1012 (1950).

(8) (a) S. H. Herzfeld, M. L. Corrin and W. D. Harkins, ibid., 84,
217 (1950); (b) discussion of reference 21,

(9) E. D. Goddard, O. Harva and T. G. Jones, Trans, Faraday Soc.,
48, 980 (1953).

(10) A.L. M. Lelong, H. V, Tartar, E. C. Lingafelter, J. K. O’Loane
and R. D, Cadle, Turs JoURNAL, 78, 5411 (1951).

(11) K. Shinoda, J. Phys. Chem., 58, 541 (1954),

tural interpretations are based on the observed color
changes and the effects of various factors on the
CMC. We shall discuss some of these later,

There have been indications that the method
may not be completely reliable: Klevens noted
that the values thus found for the CMC tend to be
lower than by other methods.!? Nor was the agree-
ment between different investigators satisfactorys.?
nor between visual and colorimetric methods of the
same investigator.!® The principal uncertainty of
the method arose probably from the insufficient
understanding of the reasons for the observed color
changes.

The CMC can be defined unambiguously!* and
determined accurately by three independent meth-
ods as shown in Fig. 6 and discussed further below.
The pinacyanol method, however, gives a discord-
ant result. This led to the present investigation
of the color changes of pinacyanol and to the con-
clusion that, in practice, the method gives only a
rough approximation of the CMC.

Experimental

Materials.—The NaLS used has been described.!* The
pinacyanol chloride was obtained from Eastman Kodak Co.
Its microanalyses, either as obtained or after recrystalliza-
tion, failed to give reproducible results in two laboratories.
This seems to be due to incomplete combustion of the chlo-
ride salt. The lack of change of absorption coefficient upon
recrystallization and the microanalysis of the other salts re-
ported below convince us that the purity of the material
was quite satisfactory for our purpose.
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